Abstract. This work presents an exactly soluble scheme to address the problem of optimal transfer of quantum states through a set of s harmonic oscillators composing a network with connected ends as a closed quantum circuit. For this purpose we start from a general quadratic Hamiltonian form. The relationship between the parameters of the Hamiltonian, the network size, and the time interval required for such transfer are explicitly shown. Particular physical realizations of this Hamiltonian, transfer of entangled states, including transfer of states at the expense of a quantum entanglement, are also considered.
Introduction
Among the various interesting problems studied in quantum optics one may cite (and distinguish) the teleportation of states between two (non interacting) quantum systems [1] , from one subsystem to the other, and alternatively, the transfer of states between (interacting) quantum systems [2, 3] . In the first case the process occurs crucially due to the intervention of an entangled state that describes a combined bipartite system. In the second case the process is due to an appropriate type of interaction between the subsystems. This second scenario may also include the study of exchange of states between the subsystems [4, 5, 6, 7] . In both scenarios the efficiency of the process deserves special attention, whose verification involves the calculation of the fidelity and the success probability of the operation. The case of state transfer is also interesting, e.g., in the realm of quantum spin networks [8, 9, 10] . Others have investigated the behavior of a quantum state propagating through a network of interacting oscillators [11, 12] , with few attention on how to find out the conditions that govern the connected oscillators to allow transmission of states closer to the ideal case. The issue concerns the perfect transfer of states in terms of fidelity and success probability, including the transfer of entangled states.
In this work we pursue the answer to the following query: what is, if any, the appropriated class of Hamiltoa e-mail: portes@hotmail.com b e-mail: harg@cefet-rj.br c e-mail: sbd@cbpf.br d e-mail: baseiabasilio@gmail.com nian that allows us to get such a state transfer through the coupled oscillators network? To this end, we developed a compact method to obtain a Hamiltonian form that produces a perfect state transfer through the mentioned network. In particular, we explicitly determine this Hamiltonian form for a time independent s-sized network with connected ends. Such network configuration simulates a closed quantum circuit of oscillators which is important to discuss possible occurrence of nonclassical effects, as state revival, squeezing, and others during the state propagation. We show that, for a perfect quantum state transfer along the system, the coupling can not be restricted to next neighbors, but it must embrace the whole network. Transfer of correlated quantum states in the network was also studied, including examples where these type of states play an auxiliary role for state transfers. This paper is organized as follows. In the Section 2 we develop the mathematical basis for our analysis to describe the time evolution of the characteristic function of the state of our s-sized HO-network. In the Section 3 we use the result of Section 2 in order to obtain a suitable Hamiltonian form that yields perfect cyclic transfer of an arbitrary state. In the Section 4 we discuss the time evolution of a quantum (number) state and also the transfer of entangled states. The Section 5 treats the propagation of the (nearest classical) coherent state and discusses the physical realizations of our employed Hamiltonian form, including the transfer of states at the expense of a quantum entanglement. The Section 6 contains the comments and conclusions.
The characteristic function of the system state
In the Schrödinger picture, the density operator ρ(t) for the state of s identical coupled harmonic oscillator may be described by means of the characteristic function χ, in the form [13] 
with χ defined in terms of s complex quantities α j as,
where
The integration in Eq. (1) is carried out in the whole α jplane, and the element d 2 α j is defined by
The reduced density matrix ρ k for a k-th subsystem is obtained from the partial trace of ρ(t), taken over all other subsystems,
By considering that
and using Eqs. (1) and (5) with the properties of the characteristic function from,
the reduced characteristic function can be written as,
A complete transfer of the quantum states of the m−th oscillator to the n − th one is obtained by imposing the prescription,
The prescription (9) indicates that the state transfer is realized after the elapsed time τ . Next, we use the well known functional identity for the characteristic function of a system composed by s quantum-mechanical oscillators [7] ,
where the complex quantities α j (t) are obtained from the inverse of the Bogoliubov transformation of the Heisenberg operators,
namely,
where the matrix representation was used for operators and coefficients in (12)
It should be emphasized that the relation (13) is valid only for the Bogoliubov transformation, when the Hamiltonian is quadratic in the time-independent creation and annihilation operators, a and a † . From Eqs. (8), (11) and (13) the temporal evolution of the reduced characteristic function is given by
From Eq. (9), we have the condition,
for arbitrary α. The solution of equation (15) is
Particularly, for a cyclic permutation representing the state transfer of an oscillator to one of its first neighbor, and considering the boundary condition of coincident network ends, plus the conditions χ m (α; τ ) = χ m−1 (α; 0) and χ 1 (α; τ ) = χ s (α; 0), (17) we have 
and
Substituting Eqs. (18), (19) and (13) in Eq. (11), we find that
Thus, any state transfer between HO-oscillators in the network corresponds to a cyclic permutation of the arguments in the characteristic function of the whole system after a time interval τ . This result can be generalized to any type of permutation, hence not restricted to a cyclic one.
The Hamiltonian for perfect state transfer
To construct the time-independent Hamiltonian that describes the dynamics illustrated in the previous section, we consider a general quadratic form in the creation a † and annihilation a operators
This Hamiltonian can be diagonalized by a Bogoliubov transformation given by
which leads it to the Hamiltonian form
By taking the time evolution of the Heisenberg operators a(t) in Eq. (12) we obtain,
To have the complete transfer of state, as mentioned in previous section (see Eqs. (18) and (19)), the matrices should satisfy µ(τ ) = C and ν(τ ) = 0, thus we have
A proof of uniqueness of Bogoliubov transformation satisfying the last two equations is shown in Appendix A. This transformation is defined by V = 0 and the unitary matrix W that diagonalizes C, given explicitly by [14] ,
Thus, we have
From Eq. (27), and taking V = 0, we obtain
Equations (30) and (31) lead to the relation
where m j are arbitrary integers. We will impose that all m j ≥ 0 to ensure positive eigenvalues for the Hamiltonian. For m j = 0 and any j we obtain the frequencies of the fundamental modes. As V = 0 we see from Eq. (22) that the terms γ jk a † j a † k + γ * jk a j a k are excluded in the Hamiltonian (21). So the general form of our Hamiltonian is given by 
are directly related with the trace of Ω matrix. Note that, in principle, none of the coupling λ jk are null. So, during the elapsed time τ the perfect transfer of states between oscillators is an effect of collective coupling between oscillators in the network. Next, substituting V = 0 into Eqs. (24) and (25), one gets
and then
(38) The following properties are satisfied by the these matrices:
From these properties and knowing that µ(0) = 1, we have µ(t) for all multiple of the period τ
In special, for n = s we have µ(sτ ) = 1, as expected, since we are using coincident ends for the network, as boundary condition.
Number state and entanglement transfer
Here we will firstly analyze the case where the initial configuration represents the first oscillator prepared in a number state |n , while the others in their fundamental modes, i.e., |Ψ (0) = |n, 0, ...., 0 .
Choosing the first oscillator instead of any other is irrelevant since the Hamiltonian is symmetrical by any cyclic permutation of the oscillator label, as seen in the previous section. The characteristic function associated with the state at t = 0 is
where [13] 
and L n (x) stands for the Laguerre polynomial. Thus, taking into account that L 0 (x) = 1, we get
The time evolution of the reduced characteristic function can be easily obtained by using equation (14) with ν(t) = 0. We thus find
Note that the sum α * j α j is time invariant due to relation µ † µ = 1. According to equation (48) the j −th oscillator is in its ground state when g j (t) = 0 and in a number state when g j (t) = 1. From the property given by Eq. (39) we have
Therefore all oscillators in the network exhibit similar time evolution, except for a time delay. Figure 1 shows the function g 1 (t) with m j = 0 for all j, for s = 7. We can see that g(t) has the expected behavior: for values of time multiples of τ (t = kτ ) we have either g 1 = 0 or g 1 = 1. We can also see that the transferred state runs cyclically through the network with the period sτ . Figure 2 shows the function g 1 (t) for m 2 = 1, m 6 = 2 and m j = 0 for other j. For t = kτ the behavior of g 1 (t), showed in figure 2, remains the same; however for t = kτ this behavior is quite different with additional excitations, which reflects the higher energy level of the Hamiltonian.
It is also easy seeing that an initial entanglement, in the sense of EPR state [15] will propagate through the network. For example, if we take
due to the linear time evolution we have for t = τ ,
The same occurs for any time multiple of τ and oscillator interactions that occur during the state propagation restore the entanglement whenever t = kτ . In addition, if any state correlations is produced by the oscillator interactions itself, they should vanish periodically at every time t = kτ .
Coherent state propagation
Let us now suppose the first oscillator in a coherent state |β at t = 0, again with the others in their fundamental mode, i.e., |Ψ (0) = |β, 0, ...., 0 ,
with a 1 |Ψ (0) = β|Ψ (0) . The characteristic function associated with the coherent state |β is 
8 Appendix A
All Bogoliubov transformation, represented by the matrices W and V, must satisfy four conditions [16] :
Besides, we need to solve the Eqs. (27) and (28), namely
where C is a unitary matrix. To this end we multiply from the left the Eq. (70) by W and replace Eqs. (65), (67) and (69) to get e −iΩτ V = V C.
Next, multiplying Eq. (69) from the left by W , and replacing the Eqs. (65), (67) and (70), we obtain
From Eq. (65) and |det(W )| ≥ 1, then W is invertible and
The matrix that diagonalizes a unitary matrix is also unitary, thus W W † = 1 and V = 0.
